Variational calculations employing explicitly correlated Gaussian functions have been performed for the ground states of 9 Be and 9 Be + including the nuclear motion ͓i.e., without assuming the Born-Oppenheimer ͑BO͒ approximation͔. An approach based on the analytical energy gradient calculated with respect to the Gaussian exponential parameters was employed, leading to energies of the two systems noticeably improved over those found in the recent paper of Pachucki and Komasa ͓Phys. Rev. A 73, 052502 ͑2006͔͒. The non-BO wave functions were used to calculate the ␣ 2 relativistic corrections ͑␣ = e 2 / បc͒. With those corrections and the ␣ 3 and ␣ 4 corrections taken from Pachucki and Komasa, a new value of the ionization potential ͑IP͒ of 9 Be was determined. It agrees very well with the most recent experimental IP.
I. INTRODUCTION
In recent work ͓1͔ Pachucki and Komasa reported new variational Born-Oppenheimer ͑BO͒ calculations of the two lowest electronic states of S symmetry of the Be atom. They also calculated the corrections due to the finite mass of the nucleus, as well as ␣ 2 and ␣ 3 relativistic and QED corrections, and the estimated ␣ 4 correction. In their conclusions, they stated that the main source of error in their estimation of the ionization potential and the lowest transition energy lies in the inaccuracy of their nonrelativistic BO wave functions. Those functions were expanded in terms of four-electron explicitly correlated Gaussian functions whose parameters were variationally optimized. In this work, we make two improvements in the calculation of the nonrelativistic energy of 9 Be and 9 Be + . First, in our approach we do not assume the BO approximation, and we consider all particles ͑the electrons and the nucleus͒ forming the Be atom and the Be cation on equal footing. Second, we use the analytically calculated gradient of the energy with respect to the Gaussian exponential parameters in the variational optimizations of the wave functions. These two features have allowed us to improve the theoretical prediction of the ionization energy of Be. Furthermore, the non-BO wave functions obtained in the present calculations have been used to calculate the ␣ 2 relativistic corrections. Since the non-BO wave functions have been used, those corrections include not only terms due to the motion of the electrons around the center of mass of the atom, but also terms due the motion of the nucleus.
This work features an approach that can be extended to atoms with more than four electrons. This capability does not seem to be possible for the approach that has previously been successfully applied to perform very accurate calculations for the helium and lithium atoms, and which is based on expanding the wave function of the system in terms of Slater-type or Hylleraas-type explicitly correlated functions ͓2-6͔. As demonstrated in the recent work by Morton et al. ͓2͔ , one can achieve an accuracy of the predicted ionization and transition energies that, in some cases, exceeds the accuracy of the present-day experiment by systematically including relativistic and QED corrections to the nonrelativistic energies of the ground and excited states of the helium atom. The new frontier is now to search for an approach that produces results of similar accuracy for larger atoms. One such approach is to use Gaussian-type explicitly correlated functions ͓7,8͔. In this work we test this possibility by performing very accurate calculations of the ionization energy of Be.
Gaussians, in general, are less effective than Slater-type functions in describing the cusp and long-range behaviors of the wave function, but their use leads to much easier integrals that, for a one-center expansion of the wave function, can be analytically calculated using standard procedures. Also, the expression for the total energy can be analytically differentiated easily with respect to the Gaussian exponential parameters, and the energy gradient can be calculated. The use of the gradient significantly improves the efficiency of the variational optimization of the wave function.
In recent years we have used various types of Gaussian basis functions in very accurate atomic and molecular calculations. In those calculations we have employed an approach departing from the Born-Oppenheimer approximation, whose development has been carried out in our research group ͓9-14͔. If the BO approximation is not assumed, the motions of the electrons and the nuclei are treated on equal footing, and since these motions are highly correlated ͑coupled͒, one has to use basis functions that explicitly depend on the distances between the particles ͑nuclei and electrons͒ in expanding the wave function. The explicitly correlated Gaussians are such functions.
The most recent development of our non-BO approach using Gaussians in very accurate atomic calculations has been the addition of procedures for calculating relativistic corrections in the order of ␣ 2 ͓15-19͔. The corrections include the mass-velocity and Darwin terms, as well as terms due to magnetic orbit-orbit and Fermi contact interactions. In this work we use those procedures.
II. METHOD USED IN THE CALCULATIONS
We consider a system of N particles with masses M i and charges Q i ͑i =1, ... ,N͒. In the first step we transform the total nonrelativistic Hamiltonian of the system by separating the center-of-mass motion, thereby reducing the N-particle problem to an n-pseudoparticle problem ͑n = N −1͒ described by the internal Hamiltonian H int . In this transformation the laboratory Cartesian coordinate system is replaced by a system whose first three coordinates are the laboratory coordinates of the center of mass, r 0 , and the remaining 3n coordinates are the Cartesian coordinates in the internal coordinate system whose origin is placed at the nucleus ͑called the reference particle͒. The other particles ͑electrons͒ are referred to the reference particle using the Cartesian position vectors r i . The internal Hamiltonian H int is
The separation of the internal Hamiltonian and the Hamiltonian of the motion of the center of mass is exact. The internal Hamiltonian ͑1͒ describes n pseudoparticles with charges q i = Q i+1 and reduced
͒ moving in the central potential of the charge of the reference particle. For Be, the reference particle is the nucleus with the charge q 0 = Q 1 = + 4. In this case N = 5 and the number of pseudoparticles is four ͑n =4͒. 9 Be is a system that consists of five fermions: four electrons with spin 1 / 2 and the nucleus with spin 3 / 2. To describe the relativistic effects in this system, we use the DiracBreit Hamiltonian in the Pauli approximation, which suffices for light atoms where the velocities of the electrons are relatively small ͓18-21͔. In the atomic Dirac-Breit-Pauli Hamiltonian, the Darwin correction describing the interaction of the nucleus ͑with charge Q, spin I, and mass M͒ with an electron has the following form ͓22͔:
where g is the g factor ͑for the 9 Be nucleus it is equal to 0.785 07͒, and
for an integer spin 1 4I for a half-integer spin.
In the Pauli approximation for states with the S symmetry ͑these are the states considered in this work for 9 Be and 9 Be + ͒ and after transformation to the internal coordinate system, the Dirac-Breit-Pauli Hamiltonian has the following form:
where the mass-velocity term:
ͬ , the Darwin term:
the orbit-orbit term:
and the spin-spin term:
and where in atomic units q 0 =4, q 1 = q 2 = q 3 = q 4 = −1, and m 0 = 16 424.2037, m 1 = m 2 = m 3 = m 4 = 1. In this work we do not consider the electron-nucleus spin-spin interaction because it has a negligibly small effect in comparison with the electron-electron spin-spin interaction. The general form of the basis function used in this work to calculate states of S symmetry for 9 Be and 9 Be + is
where is the Kronecker product symbol, r is the vector of the internal Cartesian coordinates of the four pseudoparticles ͑for 9 Be r is a 12ϫ 1 vector; for Be + r it is a 9 ϫ 1 vector͒, L k is the lower triangular matrix of nonlinear variation parameters ͑for Be L k is a 4 ϫ 4 rank-4 matrix and for Be + L k is a 3 ϫ 3 rank-3 matrix͒, and I 3 is the 3 ϫ 3 identity matrix. The prime stands for a matrix or vector tranposition. To ensure the proper permutational symmetry of the two electrons, the appropriate symmetry projections are applied to the basis functions. For more details about basis functions ͑3͒, transformation to the internal frame, and other technical information, we refer the reader to Refs. ͓9,10,17͔.
The wave functions for the ground states of 9 Be and 9 Be + have been obtained using the variational method by minimizing the energy with respect to the linear expansion coefficients and with respect to the nonlinear parameters of the basis functions, i.e., the basis set exponent matrices L k . In the minimization we used the analytically calculated gradient of the Rayleigh quotient,
with respect to the linear, ͕c k ͖, and the nonlinear parameters, ͕L k ͖. In the above expression, H͕͑L k ͖͒ and S͕͑L k ͖͒ are the Hamiltonian and overlap matrices, respectively. Both are functions of the nonlinear parameters of the basis functions. c is a column vector whose components are c k . The use of the analytical gradient in the optimizations of the basis function parameters significantly accelerates the optimization process and allows one to achieve high accuracy at a lower computational cost.
III. RESULTS
The results of the calculations are summarized in Tables I  and II. In Table I we show how the total energy of Be and Be + improves with addition of more functions to the basis set. For each system, two sets of results are presented. The results corresponding to 9 Be and 9 Be + have been obtained using the variational minimization of the total energy using the nonrelativistic Hamiltonian ͑1͒. We used up to 6500 basis functions for each system. The results shown in Table I correspond to basis sets whose sizes increase incrementally by 500 functions from 2500 to 6500. For each basis set we also performed a calculation with an infinite mass of the Be nucleus. Such calculations are equivalent to calculations where the Born-Oppenheimer approximation is assumed. The calculations where the Be nucleus mass was infinite have been performed with the basis sets taken from the 9 Be and 9 Be + calculations, and no additional optimization of the nonlinear parameters was performed. Our previous calculations on atomic systems have shown that adjusting only linear parameters ͕c k ͖ is sufficient to account for a change of the nuclear mass from its original value of 16 424.2037 a . u. to infinity. The infinite mass energy results obtained in our calculations can be directly compared with the recent BO results of Komasa and Pachucki. Our best result for Be obtained with 6500 basis functions of−14.667 356 463 1 a . u. is noticeably lower than their result of −14.667 355 627 a . u. The improvement is less significant for Be + . Here our best energy obtained with 6500 basis functions is −14.324 763 175 7 a . u. and their result ͓23͔ is −14.324 763 152 a . u.
In Table I we also show the relativistic energy corrections at the order of ␣ 2 calculated in this work and their sum multiplied by ␣ 2 ͑the entry ␣ 2 E rel in the last column in the table͒. As one can see, the convergence of ␣ 2 E rel is quite good, but not as good as for the total nonrelativistic energy. Our ␣ 2 relativistic corrections for 9 Be and ϱ Be calculated with the 6500-term wave functions of −2.360 194 0 ϫ 10 −3 and −2.360 109 6 ϫ 10 −3 a . u., respectively, can be compared with the ␣ 2 correction equal to −2.360 312ϫ 10 −3 a.u. obtained with the BO wave function reported by Pachucki and Komasa ͓1͔. The values are very similar.
Finally, in Table II we present the calculation of the ionization potential ͑IP͒ of Be using the energies obtained in the present calculations, and we compare it both with the calculation performed by Pachucki and Komasa ͓23͔ and 
IV. SUMMARY
In this work we have presented a series of calculations leading to the determination of the ionization potential of the Be atom. First we determined the nonrelativistic energies of 9 Be and 9 Be + using a variational approach that does not assume the Born-Oppenheimer approximation. In this we differ 
